Chapter 9

Resonant light-atom
interactions

(9.1) We look for driven oscillations at angular frequency w, with

x(t) = At + Be @t
On substituting into the equation of motion we obtain:
_w2 (Aeiwt + Be—iwt) + 1w7 (Aeiwt _ Be—iwt) T UJ(Q) (Aeiwt 4 Be—iwt)

_ﬂ iwt —iwt
= o (e +e7) .

On equating the terms at +w and —w we find:

Fy
A(— 2 . 2 _
(—w* +iwy + wj) e
Fy
B(— 2 _ 2 _
(—w’ —iwy + wp) ST,
so that:
F 1
A = 2 —,
2me (Wi — w? + iwy)
Fi 1
B _ 0

2me (wg —w? —iwy)

It then follows that:

Fy \? 1
A2 = |B)? = )
A" =151 <2me> [(w§ — w?)? 4+ w?y?]

This describes a Lorentzian line. (cf. eqn 4.29.) The amplitude is maxi-

mum when (w3 — w?) =0, i.e. w = wp, as shown in Fig. 23.

The full width at half maximum is calculated by finding the values of
w such that |A|? and |BJ? fall by a factor of two on either side of the
maximum at w = wp. This occurs when

(W — w?) = (wo + w)(wo — w) = £wy.

We now make use of the fact that wp > . This means that the resonance
is sharply peaked at wp, and that the half-maximum frequencies can be
written as wp + dw, where wg > dw. The half-maximum condition can
then be re-written as:

2wp|ow| = wory,
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Figure 23: Square of the amplitude of the forced oscillations of a damped har-
monic oscillator when driven at angular frequency w, as considered in Exer-
cise 9.1.

which implies:
0] = /2.

The full width at half maximum is thus (see Fig. 23):
AWFWHM = 20w = Y-

Note that we have calculated here the FWHM of the square of the am-
plitude rather than of the amplitude itself, i.c. of |A|? rather than |A|.
We have done this because the power of the oscillations is proportional to
|A|? rather than |A|. The FWHM of |A| occurs when

1 1
V(W3 — w?)2 + w22 2wy’

which implies:
(wg — w?) = V3w,
and hence an FWHM of \/57.

(9.2) The density matrix for the superposition state [1)) = ¢1|1) + ¢2|2) is given
by eqn 9.7.

(a) We have ¢; =0 and ¢y = 1. Hence:

(00
P={o 1 )"
(b) We have ¢; = ¢ = 1/+/2. Hence:
(12 12
P=\ 12 12 )~
(c) We have ¢; = 1/4/3 and ¢y = i\/2/3. Hence:
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(9.3)

In a gas of non-degenerate two-level atoms in thermal equilibrium at tem-
perature T', the ratio of the number of atoms in the excited state to the
number in the ground state is given by Boltzmann’s law:

Ng/Nl = exp(—AE/kBT) s

where AF = E5 — Ey. On writing the total number of atoms as Ny, with
No = (N1 + N3), we therefore have:

Ny exp(—AE/kgT)
No  1+texp(-AB/ksT)’
N B 1

No  1+exp(—AE/ksT) "

Hence from eqn 9.8 we find:

B 1 1 0
P I T exp(—AE/ksT) ( 0 exp(-AE/kgT) ) '

We follow the method of Example 9.1 and calculate the transition dipole
moment p19 for z-polarized light from:

me = —e / ot dr
[e9) T 27
= —e/ / Y 1 cos 0 1by 2 sin Odrdfde
r=0J6=0 J¢=0

with:

1 r
7,0, = ——[2— —)e /%0,
V1(r, 0, ) 1/2rags? ( ao)

2
wQ (’/’, 93 ¢) = LEJ/Q <6 — L) 7 COS Oe_r/?’ao .
81y/ma, ag
We therefore obtain:
—e 27 T )
B2 = M/qbzo do - cos” 0sin0do
/ 29— )e /20y (6 ) rer/b 2 dr,
Jr=0 ao ao
On using:
27
d¢ = 2w,
$=0

/ cos?fsinf@dd = 2/3,
0

=0
o] 8 2
/ 12— r_2 e~ or/6a0 y4 gy
r=0 Qo a4y

pio = —1.769 eag = 1.497 x 1072 Cm.

(6/5)°144 a5 ,

we find:
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On substituting into eqn 9.43, we then obtain: By, = 2.39x10?! m®rad J=1s~1.

The A coefficient is found from eqn 4.11. The photon energy for the n =
3 — 2 transition in hydrogen is given by the Bohr formula (cf eqn 3.62):

1 1 5
hw = <? — ?> RH = %RH =1.89eV.

In this exercise we have specified the initial and final m; states, and hence
we are considering transitions between non-degenerate sub-levels. We can
therefore set By, = B, (see eqn 4.10 with g; = g2 = 1,) to obtain:

(hw)?
T R2n2cd

This can be related to the A coefficient for the 3 — 2 transition of hydrogen
by using eqn 4.23.

Aoy BY, =223 x 107s71,
(9.5) (a) We first take the time derivative of ¢o:
. d i —idwt i : —idwt —idwt
Gg = % §QRe c| = 2QR (—15we c+e 01) )

and then substitute for ¢; and ¢; from the formulae given in the exercise

to obtain:
Gy — %QR (_idwe—iéwt% o HOwt o 4 g—idwt iQTR o Hidwt c2> ’
= —idweég — QTQRCQ.
Hence:

e 0%
Co +15w02+702:0.

(b) We use a trial solution with
C2 (t) = Ce_iCt )

and substitute to obtain:

2 %
—C%co+owlco + —=co =0.

4
Hence: 0
¢ —dw(——"=0.
4
This has two roots, namely:
Go= (Bw+ )2,
C— = (5("} - Q)/Q )

where Q% = (6w)? + Q%. Hence the general solution is:

cot) = Cpe S+t 4 C_ei¢-t,
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Figure 24: Two different scenarios for the interaction of radiation with an atomic
transition at angular frequency wy, as considered in Exercise 9.6. (a) Broad-
band radiation. (b) Narrow-band radiation, as from a single-mode laser. Note
that the frequency scale in (b) is much expanded compared to (a), and that w
refers to the laser frequency.

(c) The initial condition that c2(0) = 0 implies that:
Ci+C_=0,

and hence that . .
co(t) = Cp (e7i+t —e7i¢-1)

We substitute this into the original formula for és to obtain:

iQr _.
e dwt

by = Cy (—ipe ™ 4ig e 1) = 5

C1.

At ¢ =0 we have ¢1(0) = 1. Therefore, on evaluating at ¢ = 0, we find:

.. .. i
Ch(—iCs +i¢) = =,
which implies that:
Qr
CL=——r—".
T2
Now (¢+ — ¢_) = Q, and we thus have:
_ Or —i(dw+Q)t/2 —i(dw—Q)t/2
el = —5q (e — ¢ )
— Or —idwt/2 [ ,—iQt/2 +iQt/2
BT (e ¢ ) ’
= O e 71092 4in(Qt/2) .
Q
Hence: .
lea(?)]? = Q—lg sin?(Qt/2) .

(9.6) The two scenarios that we are considering are illustrated schematically
in Fig. 24. In the first case considered in part (a) of the Exercise, it
is valid to consider the radiation energy density to be constant over the
spectral width of the transition, as shown in Fig. 24(a). In the second

70



case considered in parts (b)—(d), the radiation band-width is much smaller
than the atomic line width, as illustrated in Fig. 24(b). This second case
applies, for example, when a narrow band laser interacts with an atomic
transition.

(a) With a broad-band, slowly-varying source we can treat u(w’) as a
constant over the spectral line shape. On making use of the definition of
the spectral line shape function given in eqn 4.26, we then find that the
total upward stimulated transition rate is given by:
oo
wigtal - = Wig(w') dw',

0
o)

N1 Bfu(w') g, (W) do’,

= NlB‘l"Qu(wg)/ g (W) dw',
0
= NlB(I)Q'U/(UJO) 5

which, on re-writing wg as w, gives the same transition rate as in eqn 4.5.
Similarly, the total downward stimulated transition rate is given by:

oo
Wl — /0 Wi (') dw’,

/ Nlnglu(w/)gw (W’) dw'’,
0

= NlBg’lu(wg)/ go (W) dw',
0
= MiBju(wo),
as in eqn 4.6.

(b) We substitute for u(w’) and again integrate over w’ to find the total
upward stimulated transition rate:

00
Wltgtal = /0 ng(w') dw’ ;

/ N1 B$hu,d(w' — w)ge (W) dw'.
0

On making use of the identity:

+oo
| s af@d =),
we then find:

Wil — Ny B, g (w) .

Similarly, the downward stimulated transition rate is given by:

Wgt?tal = /0 W21 (w’) dw’ s

/ NoBS,uu8( — w)gu (o) du
0
= NQBgluwgw(w)'
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(c) The time dependence of the population of the upper level is given by:

dN,

— = Wia— Wy — A1 Ny,
a4 12 21 214V2

= NiBYuwg(w) — NoB3 u,g(w) — A21 Ny .

In an ideal two-level system, the total number of atoms must satisfy the
constraint:
Ny = N1 + Ny = constant .

We can then substitute for N to obtain, after dividing through by Np:
d
&(Nz/No) = (1=N2/No) BYouwg(w)— (N2 /No) B3 uwg(w) — A21 (N2 /No) .

On writing No/No = 2 and B’ = B{,g.,,(w) = BY, g (w), we then have:

d
d—:: + (2B'uy, + As1)x = B'u,, .

We multiple through by the integrating factor e“* to obtain:

%(weCt)

where C = 2B’u,, + As;. On integrating we then find:

1 Ct
= B'ug,e"",

2! = (B'u,,/C)e“" + constant .

The boundary condition No(0) = 0 implies #(0) = 0, and hence that the
constant is equal to —B’u,,/C. The solution is therefore:

N. B’ /
T =) = g (1= o @ ) |
2B Uy + Agl

(d) (1) For very intense fields we have a very large value of w,,, and hence
B’u,, > As1. We can therefore ignore the factor of As; in the denominator
of the pre-factor, making it apparent that:

tlim (NQ/N()) = 1/2,

and hence that the populations tend to equalize. This result can be un-
derstood by realizing that for intense fields we can ignore spontaneous
emission. At ¢ = 0 all the atoms are in the ground state and there will
be net absorption upwards to the excited state. As the population of the
upper level increases, the stimulated emission rate increases. Eventually,
when Ny = Ny = Np/2, the stimulated absorption and emission rates are
identical, and a dynamic balance is achieved leading to no further change
in the populations.

(2) In the weak field limit we put B'u,, < Agi, so that

Jim (N2/No) = B'ug /A1 = (B /As1) gu(w) v -

The population of the upper level is therefore proportional to the light
intensity, and also to the atomic line shape, as we would expect.
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(9.7)

The fluorescence reaches its first maximum when the pulse area defined
in eqn 9.51 is equal to 7.

(a) For a ‘top hat’ pulse, the electric field is constant for a time T" and zero

at all other times. The integral of the electric field over time is therefore
equal to T, and we thus have:

/«thLOT .

which implies:
Eo = mh/p12T = 3.3 x 103V /m.

The intensity is then found from eqn 2.28 to be equal to 1.4 x 10* Wm~2.

(b) It is shown in Example 9.3 that the pulse area obtained for a Gaussian
pulse is equal to:

e = ﬁﬂngpeakT/h:
where 7 = 7pwam/1.177. On setting the pulse area equal to 7, we then
find:
gpeak = 1.177\/%71/#127’1:\?\/1{1\/[ =2.2x 103 V/m .

The peak intensity is then found from eqn 2.28 to be equal to 6.2 x
103 Wm~2.

The experimental data tells us that Qr = 27 - 78 x 108 rad/s. We are told
in the caption that the optical intensity was 6400 W m~2, and hence from
eqn 2.28 we deduce that the electric field amplitude was 2200 V/m. We
can then deduce the dipole moment from eqn 9.32:

hOr 4.9 x 10°%%

— = =24%x10"%Cm.
Hz ==’ 2200 X m

With ¢; and ¢s as defined in eqn 9.64, we find:

cico = ¢ sin(6/2) cos(6/2),
= e¥sinf/2,

= (cosp+ising)sind/2.
Hence:

Re{cice) = cosesinf/2,
Im(cice) = sing sinf/2,

which is consistent with eqn 9.63 with 2 and y defined in eqn 9.61 and
r = 1. Similarly, we find:

lea]? = |c1* = cos?(8/2) —sin?(8/2),
= cosf,

which is again consistent with eqn 9.63 for z with r = 1.
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(9.10) The coefficients of the superposition states can be related to the angles

of the Bloch vector by using eqn 9.64.
(a) For § = 7/2 and ¢ = 0, we find ¢; = ¢ = 1/+/2. Hence:

¥ =(1/vV2)(1) +12)).

(b) For § = 7/2 and ¢ = /2, we find ¢; = 1/v/2 and ¢ = i/v/2. Hence:
v =(1/V2)(|1) +i2).

(c) For 0 = /2 and ¢ = 7, we find ¢; = 1/v/2 and ¢, = —1/v/2. Hence:

o=V - [2).

(d) For 0 = /2 and ¢ = —7/2, we find ¢; = 1/v2 and ¢ = —i/v/2.

Hence:
¥ =(1/vV2)(1) —12)).
(e) For 0 = 7/3 and ¢ = /4, we find ¢; = 1/2 and co = +/3/8(1 +1i).
Hence:
U= (1/2)1) + v/3/8(1 +1)[2).

(9.11) We can relate the wave function to the position on the Bloch sphere by

using eqn 9.63.

(a) For ¢; = 1/4/3 and ¢y = /2/3, we have
ce = V2/3,
|CQ|2—|01|2 = 1/3
Hence:
(v,,2) = (V8/3,0,1/3).
(b) For ¢; = /2/3 and ¢y = —i/v/3, we have
cicy = —i\/§/3,
jea* = Jer|* = —1/3.
Hence:
(c) For ¢; = e'™/*//2 and ¢y = 1/v/2, we have
cica = ei”/4/2,
lea* = Jea* = 0.
Hence:
(2,9,2)(1/V2,1/v/2,0).
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Figure 25: Effect of a 7-pulse on the state (|1) + |2))/+v/2 when the rotation is
carried out about the y axis, as considered in Exercise 9.13.

(9.12) In a statistical mixture, the atoms are either in level |1) with ¢; = 1
and co = 0 or in level |2) with ¢; = 0 and ¢o = 1. The value of {(¢ics) is
therefore equal to zero for every atom. On the other hand, the expectation
values of |c2|? and |c;1|? are respectively equal to 60% and 40%. We thus
have from eqn 9.63:

= 2Re{cic) =0,
2Im{cico) =0,
z = |eal* = |er]* =0.2.

The statistical mixture thus corresponds to the point (0,0, 0.2). Note that
this point is not on the surface of the sphere. In a statistical mixture, all
phase information has been lost due to scattering events, which have the
effect of causing the Bloch vector to move towards the z axis as shown in
Fig. 9.10(a).

(9.13) This exercise closely follows Example 9.3.

(a) The pulse area is given by:

O = VTp12€peart /i,

where 7 = TpwnMm/1.177 = 2.55 ps. Hence the peak electric field in the
m-pulse where © = 7 is given by:

gpeak = h\/E/,MlgT =9.2x10° V/m

The calculation of the pulse energy proceeds exactly as in Example 9.3,
except that we have the extra factor of n in the intensity (see eqn 2.28).

We thus have:
s
Epuise = \/;Anceoé'geakr.

Hence for A = 7(2 x 107%)2 m? and n = 3.5, we find E,use = 160 £J.

(b) We first calculate the initial state on the Bloch sphere by using eqn 9.63.
With ¢; = ¢; = 1/v/2, we find (c1c) = 1/2 and |ca|? — |c1]? = 0, giving:

(7,9, 2)initia1 = (1,0,0).
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A m-pulse will produce a rotation of the Bloch vector by 180° about its
appropriate axis. In this case, we are rotating about the y axis, and so
the final position on the Bloch sphere is equal to (—1,0,0), as illustrated
in Fig. 25. This Bloch vector has § = 7/2 and ¢ = 7, and hence from
eqn 9.64 we find ¢; = 1/v/2 and ¢; = —1/+/2. The final state is therefore:

Vfinal = (1/\/5)(|1> - |2>) :

(9.14) For each pulse the Bloch vector is rotated by an angle ©; equal to

—+oo

0,=F2 [ eit)dt=

112E7;
- memie

h

— 00

The axis of the rotation is determined by the phase of the pulse. The
initial state is at the South pole of the Bloch sphere, and we set up the
axes so that the initial pulse rotates the Bloch vector in the z-z plane.

(a) The relative phases of the two pulses are the same, and so both rota-
tions are about the y axis. The rotation angles are given by:

2x10729.4139-1 x 1079

™

0, = S
1 A 47
2x10729.6209-2 x 107 3«
O = h -1

The total rotation angle about the y axis is thus w. This moves the atom
to the North pole of the Bloch sphere, as illustrated in Fig. 26 (a). The
final state is thus |2).

(b) The rotation angles for the two pulses are given by:

2x107%9.827.8-1x 107 7

0, = _T
1 B 9
2x10729.3311-5 x 1079
@2 = 7 =T.

The first pulse rotates about the y axis, while the second pulse rotates
about the axis in the z-y plane at 90° with respect to the y axis, i.e. the x
axis. The effects of the two rotations are illustrated in Fig. 26(b). The first
pulse moves the Bloch vector up to the x axis, and then the second pulse
has no effect. We therefore end up with the Bloch vector with 8 = /2 and
¢ = 0 in polar co-ordinates, which gives from eqn 9.64: ¢; = co = 1/ V2.
The final state is thus:

1

=1

(1) +12)) -

(¢) The rotation angles for the two pulses are given by:

2x10729.2.758 x 10* -3 x 10710

™

0, = _T

1 7 9
2x10729.5.519 x 104 -3 x 10710

@2 = h =T.
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Figure 26: Rotations of the Bloch vector by two pulses, as considered in Exer-
cise 9.14. (a) /4 rotation about y axis followed by a 37/4 rotation about the
same axis. (b) m/2 rotation about y axis followed by a 7 rotation about the x
axis. (c) m/2 rotation about y axis followed by a 7 rotation about an axis in
z-y plane at 45° to the y axis.

The first pulse rotates about the y axis, while the second pulse rotates
about the axis in the z-y plane at 45° with respect to the y axis. The
effects of these two rotations are illustrated in Fig. 26(c). The first pulse
moves the Bloch vector up to the z axis, and then the second pulse moves
the Bloch vector onto the y axis. We therefore end up with the Bloch
vector with 8 = w/2 and ¢ = 7/2 in polar co-ordinates, which gives from
eqn 9.64: ¢, = 1/\/§ and ¢y = —i/\/ﬁ. The final state is thus:

1 .
Y= E(ID —i[2)).
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