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1. Spectral Line Shape 

The spectral line shape is defined by a function 𝑔! 𝜔  that describes the energy 

exchange between matter (e.g. atoms, ions, molecules) and light in the frequency domain. 

The parameters of this function are the line position, the maximum height and the width at 

the half maximum. Several processes including natural, collisions or Doppler effects, could 

characterize this function.  

 

𝑔! 𝜔
!

!
𝑑𝜔 = 1 

Even in the perfect energy transition from an exited state to ground state there is a 

broadening process due to spontaneous decay rate and the related lifetime of the exited state. 

We can probe this using the uncertainty principle and the plank relation between energy and 

frequency. This process is called natural broadening and is homogeneous. This means that all 

the atoms in a system have equal probability to radiate from a specific level. 

𝐸 = ℏ𝜔 

Δ𝐸Δ𝑡 ≥ ℏ 

∆𝜔 =
∆𝐸
ℏ ≥

1
𝜏 

The homogeneous broadening processes are characterized by a Lorentzian distribution, 

where ∆𝜔 is defined directly by of the inverse lifetime of the excited state. 
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this occurs is determined by the Einstein A coefficient, which in turn
determines the radiative lifetime τ , as discussed in Section 4.1.

Fig. 4.4 The Lorentzian lineshape
function. The form is given in eqn 4.29.
The function peaks at the line centre
ω0 and has a FWHM of 1/τ . The
function is normalized so that the total
area is unity.

The finite lifetime of the excited state leads to a broadening of the
spectral line in accordance with the energy–time uncertainty principle:

∆E∆t ! !. (4.27)
On setting ∆t = τ , we then deduce that the amount of broadening in
angular-frequency units must satisfy:

∆ω =
∆E

!
! 1

τ
. (4.28)

Since this broadening mechanism is intrinsic to the transition, it is alter-
natively called natural broadening or simply radiative broadening.

The detailed form of the lifetime broadening can be deduced by taking
the Fourier transform of a burst of light that decays exponentially with
time constant τ . (See Exercise 4.4.) This gives the following spectral
lineshape function:

gω(ω) =
∆ω

2π
1

(ω − ω0)2 + (∆ω/2)2
, (4.29)

where the FWHM is given by:

∆ωlifetime =
1
τ

. (4.30)

The spectrum described by eqn 4.29 is called a Lorentzian lineshape,
and is plotted in Fig. 4.4. Note that the rigorous result in eqn 4.30 agrees
with the approximate one of eqn 4.28 from the uncertainty principle.

4.4.3 Collisional (pressure) broadening

The atoms in a gas frequently collide with each other and with the walls
of the containing vessel. This interrupts the process of light emission
and can shorten the effective lifetime of the excited state. If the mean
time between collisions τcollision is shorter than the radiative lifetime,
then we need to replace τ by τcollision in eqn 4.30, thereby giving rise to
additional line broadening. The derivation of eqn 4.31 is out-

lined in Exercise 4.5. The hard-sphere
model on which the concept of the
collision cross-section is based is only
an approximation that breaks down
under detailed scrutiny. Moreover, the
averaging process in the kinetic the-
ory involves a number of assumptions
that are not always valid, and the result
assumes ideal-gas behaviour. For these
reasons, the result in eqn 4.31 should
only be considered as a rough order-of-
magnitude estimate. See Corney (1977)
for a more detailed discussion.

A simple analysis based on the kinetic theory of gases gives the
following result for τcollision:

τcollision ∼
1

σsP

(

πmkBT

8

)1/2

, (4.31)

where σs is the collision cross-section, and P is the pressure. It is appar-
ent that τ−1

collision, and hence ∆ω, are proportional to P . Collisional
broadening is therefore also called pressure broadening. At standard
temperature and pressure (STP) we typically find τcollision ∼ 10−10 s,
(see Exercise 4.6) which is much shorter than typical radiative lifetimes,
and gives a linewidth from eqn 4.30 of ∼1010 rad s−1.

In conventional atomic discharge tubes, we reduce the effects of col-
lisional broadening by working at low pressures. We see from eqn 4.31
that this increases τcollision, and hence reduces the linewidth. This is why
we tend to use ‘low pressure’ discharge lamps for spectroscopy.



𝑔! 𝜔 =
∆𝜔
2𝜋

1
(𝜔 − 𝜔!)! + (∆𝜔 2)! 

The second kind of broadening process is due to the collisions between atoms and is also 

homogeneous broadening. In this case the lifetime includes the collisions or pressure 

component in the following way: 

𝜏collision =
1
𝜎!𝑃

𝜋𝑚𝑘!𝑇
8  

where 𝑘! is the Boltzmann constant, 𝑇 is the temperature, 𝑃 is the pressure and 𝜎! is the 

collision cross-section. 

The third process involving broadening is due to the Doppler effect. This effect originated 

by the random velocity of atoms in a gas which generates Doppler shift in the observed 

frequencies. This process has in consequence an inhomogeneous broadening due to the 

probability Maxwell-Boltzmann distribution of the velocities of the atoms 𝑁 𝑢!  forming a 

Gaussian line shape. 

 

𝑁 𝑢! = 𝑁!
2𝑘!𝑇
𝜋𝑚 𝑒

!!!!!
!!!!  

𝑔! 𝜔 =
𝑐
𝜔!

𝑚
2𝜋𝑘!𝑇

𝑒
!!!!(!!!!)!

!!!!!!!  

2. Laser Oscillation 

A laser is a special source of light with high spatial and temporal coherence, which in 

consequence leads us to a very narrow beam and very narrow spectrum respectively. This 

coherence is thanks to an optical amplification process, in which an excited energy state of an 

electron interacts with a photon generating a new photon with the same frequency, phase, 
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Fig. 4.5 The Doppler broadening
mechanism. The thermal motion of
the atoms causes their lab-frame fre-
quencies to be shifted by the Doppler
effect.

4.4.4 Doppler broadening

Doppler broadening originates from the random motion of the atoms in
the gas. The random thermal motion of the atoms gives rise to Doppler
shifts in the observed frequencies, which then causes line broadening, as
illustrated in Fig. 4.5.

The broadening caused by the Doppler mechanism can be quanti-
fied by considering the light emitted by an atom moving with velocity
component vx towards the observer. If the transition frequency in the
rest frame of the atom is ω0, the observed frequency will be Doppler
shifted to:If the atom is moving away from the

observer, vx will be negative, which
gives a negative frequency shift. ω = ω0

(

1 +
vx

c

)

. (4.32)

The number of atoms with velocity between vx and vx + dvx, namely
N(vx)dvx, is given by the Maxwell–Boltzmann distribution:

N(vx) = N0

(

2kBT

πm

)1/2

exp
(

− mv2
x

2kBT

)

, (4.33)

where T is the temperature, N0 is the total number of atoms, and m
is their mass. By combining eqns 4.32 and 4.33, we find the normalized
Gaussian lineshape function:

gω(ω) =
c

ω0

√

m

2πkBT
exp
(

−mc2(ω − ω0)2

2kBTω2
0

)

, (4.34)

with a FWHM given by:

∆ωDoppler = 2ω0

(

(2 ln 2)kBT

mc2

)1/2

=
4π
λ

(

(2 ln 2)kBT

m

)1/2

. (4.35)

The Doppler linewidth in a gas at STP is usually much larger than the
natural linewidth. For example, the Doppler linewidth of the 589.0 nm
line of sodium at 300 K works out to be 1.3 GHz, which is about two
orders of magnitude larger than the 10 MHz natural broadening due
to the radiative lifetime of 16 ns. The dominant broadening mechanism
in low-pressure gases at room temperature is therefore usually Doppler
broadening, and the lineshape is closer to Gaussian than Lorentzian.

4.5 Line broadening in solids
In many instances we will be interested in the emission spectra of atoms
embedded within crystalline or amorphous solids. The spectra will be



polarization and direction of the incident photon, and moving the electron to a lower energy 

state. This process is called stimulated emission and was theoretical predicted by A. Einstein 

in 1916. The most common structure of a laser includes a highly reflective mirror, an output 

coupler that let escape a portion of the internal light, a gain medium in which the stimulated 

emission process takes place, and a source that excites the atoms or molecules of the gain 

medium. 

 

We can characterize the gain of the medium a function of angular frequency 𝛾 𝜔  and we 

can quantify the amplification process by: 

𝑑𝐼
𝑑𝑧 = 𝛾 𝜔 𝐼(𝑧) 

where 𝐼 is the optical intensity of the beam.  

𝐼 𝑧 = 𝐼!𝑒!" 

In order to have a laser operation we need that the stimulated emission rate dominates 

over the absorption rate given by 

𝐵!"! 𝑁!𝑢 𝜔 > 𝐵!"!𝑁!𝑢 𝜔  

𝑁! >
𝑔!
𝑔!
𝑁! 

However, the last inequality cannot be valid if the system is in thermal equilibrium, 

which leads us to a special condition called population inversion given by 

Δ𝑁 = 𝑁! −
𝑔!
𝑔!
𝑁! 
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Fig. 4.8 Schematic diagram of a laser
oscillator.

Gain
medium

where I is the optical intensity, ω is the angular frequency of the light,
and z is the direction of propagation of the beam. Integration of eqn 4.38
yields:

I(z) = I0eγz, (4.39)

which shows that the light intensity grows exponentially inside the gain
medium, in the absence of gain saturation (see below).

Let us consider the case in which the light beam is close to resonance
with an atomic transition of angular frequency ω0. The beam will trigger
both absorption and stimulated-emission transitions as shown in Fig. 4.2.
For amplification to occur, we require that the stimulated-emission rate
should exceed the absorption rate, so that the number of photons in the
beam increases as it propagates through the gain medium. From eqns 4.5
and 4.6 we see that this occurs when:

Bω
21N2u(ω) > Bω

12N1u(ω), (4.40)

which, on substituting from eqn 4.10, implies:

N2 >
g2

g1
N1. (4.41)

In thermal equilibrium, the ratio of N2 to N1 is given by the Boltzmann
formula of eqn 4.8. This means that it is never possible to satisfy
eqn 4.41, and the light intensity decays as it propagates because the
absorption rate exceeds the stimulated-emission rate. Equation 4.41 can
therefore only be satisfied in non-equilibrium conditions called popula-
tion inversion. Population inversion is normally achieved by pumping
energy into the medium to excite a large number of atoms to the excited
state. The energy is derived from an external power source, as indicated
schematically in Fig. 4.8.

The population-inversion density ∆N can be defined as:

∆N = N2 −
g2

g1
N1. (4.42)

The gain coefficient that is achieved for an inversion density ∆N is given
by (see Exercise 4.11):

γ(ω) =
λ2

4n2τ
∆Ngω(ω), (4.43)

where λ is the vacuum wavelength, n is the refractive index of the gain
medium, τ is the radiative lifetime of the upper level, and gω(ω) is the



necessary to have a medium with optical gain. This condition is usually achieved by injecting 

the enough pump energy to promote a large amount of atom to an excited state. With some 

algebraic manipulation we can calculate the gain of the medium using 

𝛾 𝜔 =
𝜆!

4𝑛!𝜏 Δ𝑁𝑔! 𝜔  

Now, to have a steady state laser oscillation the optical round-trip gain need to exactly 

balance the round-trip losses 𝑅!𝑅!𝜉 in the following way: 

𝑅!𝑅!𝜉𝑒!!" = 1 

𝛾 = −
1
2𝐿 ln 𝑅!𝑅! −

1
2𝐿 ln 𝜉  

The pump power necessary to have enough optical gain to compensate the total round-trip 

losses in is called the pump power threshold with the correspondent gain threshold. When 

pump power is increased over the threshold the additional pump power is directly and 

proportionally converted into output power through the stimulated emission process. 

 

3. Laser Modes 

The properties of the cavity and the boundary conditions determine the shape of the 

output laser beam. The first mode to analyze is the laser transverse mode, which describes the 

intensity profile of the laser in a transverse cross section. This mode is describe by: 

𝐸!" 𝑥,𝑦 = 𝐸!𝐻!
2𝑥
𝑤 𝐻!

2𝑦
𝜔 𝑒!

!!!!!
!!  
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Fig. 4.9 Population inversion mechan-
ism in a four-level laser.

spectral lineshape function defined in eqn 4.26. This shows that the gain
is directly proportional to the inversion density and also to the transition
probability via 1/τ ≡ A21.

The population inversion required for laser oscillation is usually
obtained by ‘pumping’ atoms to a higher level. Figure 4.9 illustrates
the general scheme for obtaining population inversion in a four-level
laser. Atoms are pumped from the ground state to level 3 from where Population inversion can also be

achieved in three-level laser schemes
in which level 1 and the ground state
coincide. In general, three-level lasers
have higher thresholds than four-level
lasers, because the lower level is ini-
tially occupied, and it is therefore
necessary to pump more than half of
the atoms out of the ground state to
achieve population inversion.

they decay rapidly to level 2, creating population inversion with respect
to level 1. The pumping process to level 3 can be optical (e.g. from a
flash lamp or another laser) or electrical. The decay rate from level 1
back to the ground state must be fast to prevent atoms accumulating in
that level and destroying the population inversion. In the case of flash-
lamp pumping, it is convenient if level 3 is in fact a broad band, so that
a large fraction of the lamp’s output energy can be harnessed.

In normal operation the population inversion will be proportional to
the pumping rate R, which in turn is proportional to the power sup-
plied by the pump source. The variation of the gain in the medium with
the pumping rate will then be linear at first, as sketched in Fig. 4.10.
However, a situation is eventually reached when the gain is sufficient to
initiate laser operation. This is called the laser threshold. At thresh-
old, the laser begins to emit light, and the gain coefficient (and hence
the population inversion) gets clamped at the threshold value. (See
Fig. 4.10.)

Fig. 4.10 Idealized variation of the
gain coefficient and light output with
the pumping rate R in a laser with a
threshold at Rth.

The value of the gain coefficient at the threshold can be calculated
by considering the amount of amplification required to maintain laser
oscillation. In general, this is a rather complicated calculation, because
the population inversion will often vary throughout the gain medium.
Moreover, gain saturation occurs as the photon density inside the
cavity increases. The analysis below is therefore only valid for a uniform
gain medium in the weak-saturation limit.

In stable oscillation conditions, the increase of the intensity due to
the gain must exactly balance the losses due to the imperfect reflectivity
of the end mirrors and any other losses that may be present within the
cavity. On following the beam through a round-trip of the cavity shown
in Fig. 4.8, we see that the oscillation condition can be written:

R1R2ξe2γL = 1, (4.44)

where L is the length of the gain medium and ξ is a factor that accounts
for other losses such as scattering and absorption in the optics. The



𝐻! 𝑢 = 1 

𝐻! 𝑢 = 2𝑢 

𝐻! 𝑢 = 4𝑢! − 2 

where the functions 𝐻! 𝑢  are called Hermite polynomials and 𝑤 describes the wide of the 

beam. The most common and useful transverse mode is 𝐸!! also called TEM00 due to it has 

the lowest loss level can be achieved. 

𝐸!! 𝑥,𝑦 = 𝐸!𝑒
!!

!!!!
!!  

 

The longitudinal modes of the laser are standing wave patterns formed by the electric 

filed inside the cavity due to the boundary conditions. These longitudinal mode most fulfill 

the phase condition in which the round trip phase shift is equal to an integer number 𝑚 times 

2𝜋. 

2𝜔𝑙
𝑐 = 2𝑚𝜋 

This means that only the laser is only allowed to oscillate at discrete angular frequencies 

given by 

𝜔! =
𝑚𝜋𝑐
𝑙  

A comparison between the cavity loss and gain in frequency domain and the location of 

the longitudinal modes give us a picture of the mode that will operate in the laser. Single-

mode and multi-mode operation are the cases when only one or multiple longitudinal modes 

can be amplified respectively. The multi-mode operation can be observed in the case of 

inhomogeneous broadening. When all the phases of the modes in multimode operation are 

locked or aligned, the output of the laser is a train of pulses. In this case, the separation of the 
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factor of two in the exponential allows for the fact that the light passes
through the gain medium twice during a round trip.

The oscillation condition in eqn 4.44 can be rewritten as:

γ = − 1
2L

ln(R1R2)−
1

2L
ln ξ. (4.45)

This defines the threshold gain γth required to make the laser oscillate.
This gain will be achieved for a certain pumping rate Rth. For pumping
rates larger than Rth, the gain cannot increase further since it is clamped
by the oscillation condition. The extra energy of the pumping source
thus goes into generating the light output, which increases linearly with
(R−Rth) for R > Rth in this simplified model, as shown in Fig. 4.10.

In an ideal laser in which the losses are low and the high reflector has
near perfect reflectivity, the value of Rth is determined by the trans-
mission of the output coupler. A low value of (1 − R1) will give a low
threshold, but also a low power output, because very little of the energy
oscillating inside the cavity can escape. Conversely, a higher value of
(1−R1) increases the threshold, but also increases the output coupling
efficiency, so that higher powers can in principle be obtained. In prac-
tice, the choice of the value of output coupler is often determined by the
amount of power available from the pumping source.

4.7.2 Laser modes

The cavity is an essential part of a laser, providing the positive feed-
back that turns an amplifier into an oscillator. Furthermore, it has a
profound effect on the properties of the beam that emerges from the
output coupler. In this section we briefly discuss the mode structure of
the laser light that is determined by the cavity, starting with the spatial
properties of the beam.

Many lasers employ slightly curved
mirrors rather than plane mirrors. The
general conclusions of the discussion of
the beam modes given here are not
affected by this detail.

Consider the beam emerging through the output coupler of a laser as
shown in Fig. 4.11. The fact that the light rays have to bounce repeatedly
between the cavity mirrors leads to one of the most obvious properties
of laser beams, namely that they are highly directional. In ideal circum-
stances, the beam will have only a very small divergence determined by
the design of the cavity.

The variation of the electric field amplitude through a cross-sectional
slice of the beam is determined by the transverse mode structure. The

Fig. 4.11 Schematic representation of the output beam from a laser propagating
in the z-direction. M1 and M2 are the output coupler and high reflector mirrors,
respectively. Also shown is the intra-cavity electric field, which has nodes at the end
mirrors. Lcav is the length of the cavity.



longitudinal modes is inversely proportional to the separation of the pulses. This kind of 

operation is called mode-lock. 

4. Laser Gain Materials 

• Dopped solid-state laser. The solid host materials are usually doped with an impurity such 

as chromium, neodymium, erbium or titanium ions. Typical hosts include YAG (yttrium 

aluminium garnet), YLF (yttrium lithium fluoride), sapphire (aluminium oxide) and 

various glasses. Examples of solid-state laser media include Nd:YAG, Ti:sapphire, 

Cr:sapphire (usually known as ruby), Cr:LiSAF (chromium-doped lithium strontium 

aluminium fluoride), Er:YLF, Nd:glass, and Er:glass. Solid-state lasers are usually 

pumped by flashlamps or light from another laser. 

• Gases, such as carbon dioxide, argon, krypton and mixtures such as helium-neon. These 

lasers are often pumped by electrical discharge. 

• Diode lasers are an electrically pumped semiconductor laser in which the active medium 

is formed by a p-n junction of a semiconductor diode similar to that found in a light-

emitting diode. Diode lasers are typically very small, and can be pumped with a simple 

electric current, enabling them to be used in consumer devices. 
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