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Quadratures. Example 
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Coupled second order differential equation 

Defining the quadrature operators 
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Coupled mode theory 
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CMT –system of coupled differential equations subject to Kerr nonlinearity and  
external source excitation   

ia
†

ia Are creation and annihilation operators (normalized to energy)  

ijklK Coupling coefficient 

s Input amplitude (normalized to power) 



Determining coupling coefficient 

Total Energy 
 
Permittivity 

Assuming that the fields can be written as 
a sum of second quantized operators  for for the plane waves   

We can normalize the energy to 
Appling Heizenberg equation of motion :  
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Coupling coefficient for  
arbitrary field distribution 
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( )g r is a normalized modal field distribution 



Applying formalism to microring 
system 

• Mode distribution (Bessel function) 
• Different families have different dispersion signs 



Comparing results. Normal dispersion 



Comparing results. Anomalous 
dispersion 



Gaining insight into comb formation 

• Self phase modulation (SPM) mimics 
      initial pulse transient 
 
• Conclusion: Cross-phase  
      modulation (XPM) in the initial phase  
      of the pulse formation is not present 
      Why? 
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Origins of absence of coupling 
Symmetry breaking 
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• Modes have a localized traveling profile and hence no overlap to produce  
     cross-phase modulation or energy transfer 
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Soliton propagation in FDTD and CMT 

• Pulse spreading is reduced from FDTD to CMT since we only considered 
     N=29 modes   



Further Applications. Random lasers 

Wiersma , Nature Physics,  4 (2008)  (Review article)  



Random lasers. Recent developments 

Framework of CMT: 

Leonetti  et al,  PHYSICAL REVIEW A 88, 043834 (2013) Leonetti et al, Nature Photonics  5 (2011) 
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